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NONLINEAR ELLIPTIC PARTIAL DIFFERENTIAL
EQUATION WITH A DAMPING TERM

HeE CHUL PAK* AND YOUNG JA PARK**

ABSTRACT. The existence of solutions for nonlinear elliptic par-
tial differential equations with general flux and damping terms is
investigated.

1. Introduction

In this paper we study the existence theory of nonlinear elliptic equa-
tions with a damping term described by

(1.1) ~V-J=f-D(u).

The flur field J explains the movement of some physical contents such
as temperature, chemical potential, electrostatic potential or fluid flows,
and so forth [2]. These equations (1.1) with or without a damping term
D(u) commonly and naturally have been observed in a lot of physical
phenomena, so the problem (1.1) has been one of the most fundamental
topics in the theory of partial differential equations. Our research has
focused on a mathematical development of an existence theory of the
equation (1.1) with very realistic flux field J [3, 4].

For an irrotational flux field (curl J = 0), J can be represented as
J = V¢(u) with an appropriate potential function ¢(u). Furthermore,
if we suppose ¢ is linear, then one can simply represent J as J = AVu
with a square matrix A on an-isotropic medium or simply J = ¢Vu
on isotropic medium [3, 4]. The equation in the latter case is what we
call the Poisson’s equation or Laplace’s equation with f = 0. Many
brilliant mathematicians have studied these linear types during the past
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two centuries, and as a consequence one has gotten very good and enough
understandings of these linear equations [2].

However, if ¢ is nonlinear, the situations become much more com-
plicated, and many physical observations tell us these cases are even
rather close to realistic. In this nonlinear case, one of the most common
assumptions to impose is the p-Laplacian

Apu =V - |VulP2Vu

with flux J = |[Vu|P~2Vu. One of the critical reasons for such assump-
tions is that the familiar function spaces used to deal with this problem
are just the classical Lebesgue space LP(X). However it is too good to
be true in reality [6]! It is definitely required good function spaces that
can handle the problems with more natural flux term [3, 4].

The motivation of this research stems from taking a close look at

the LP-norm: || f|z» = ([ [f(2)[F dp) YP of the Lebesgue spaces LP(X),
1 < p < oo. It can be rewritten as

(12 1= [ ot dn)
with

a(z) =P
[3, 6]. Even though the positive-real-variable function a(z) := zP has
very beautiful and convenient algebraic and geometric properties, it
also has some practical limitations to handle general nonlinear problems
[4, 5]. The new space P,(X) is devised to overcome these limitations

without hurting the beauty of LP-norm too much [3, 6].
We point out that a nonlinear boundary value problem of the type:

(1.3) —Au = f(|u]) sgnu
has been studied in the space P,(2) in [6]. In this paper, we present the
existence of solutions for the elliptic partial differential equation with a
damping term:
(1.4) -V -J=f—D(u).
The general flux J in (1.4) is given by

J = (Fi(Jue, ), Fa(lues ), -+ 5 Fulue,|))

and we specify the damping term D and the flux components Fj (j =
1,2,--+,n) in Section 3. This problem has more general flux terms than
the problem discussed in [3]. Our main observation on this report is that
the damping term does not hurt the monotonicity of the diffusion term
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very much. We employ Galerkin’s approximation method and Brouwer’s
fixed point theorem for the proof.

2. Lebesgue-Pak space P, (X)

We introduce some terminologies to define the Lebesgue-Pak spaces
P,(X) which are defined in [3, 4]. In this section, (X, M, u) represents
a given measure space and Ry denotes the set of all nonnegative real
numbers.

A pre-Hélder’s function o : Ry — Ry is an absolutely continuous
bijective function satisfying «a(0) = 0 [3]. If there exist pre-Holder’s
functions 8 and A that satisfy
(2.1) o H(2)87H(x) = M=),
then 3 is called the conjugate (pre-Holder’s) function of o linked by A [3].
In the relation (2.1), the notations a~!, 371 denote the inverse functions
of a, 8, respectively [3]. For % + % =1 (p, ¢ > 1), the Lebesgue base
functions (a(x),S(z)) = («P,x?) is a pre-Holder’s pair linked by the
identity function A\(z) = x. The transcendental pair

(a(x), B(x)) = (2¢" —2x — 2,2(1 + x)log(1 + =) — 22) (x> 0)

is also a pre-Holder’s pair [3]. In fact, for any Orlicz N-function A
together with complementary N-function A, (A,fl) is a pre-Holder’s
pair with X\ := A~1(z) A~ () [3, 6].

The followings show some basic identities for a pre-Hdolder’s pair
(a, B) with respect to A : for @ := Ao «, and B:= o8,

22) =5 (275) o at=s(").

= a(z) or M: “loa)(z)=(Btoa)x
a Nz) = = x ,
(2.4) ) =i
) o)
(2 @) T e
(2.6) VLT Nae) for ye=")
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& () — a(x) a(x) .
(2.7) (#) = — +B<C~,§Cx)> .

The notations 3
a:=MAoa and fB:=Aof
will be used throughout this paper. Also, in the following discussion, a
function ® represents the function of two variables on Ry x R defined
by: )
O(x,y) = a (2)5 (y),
provided that a pre-Hoélder’s pair («, ) exists [3].

DEFINITION 2.1. A pre-Hélder’s function o : Ry — Ry together with
the conjugate function [ for a link-function A is said to be a Holder’s
function if for any positive constants a, b and h >0, there exist constants
01,02 (depending on a,b) such that

014+602<h
and that a comparable condition
ab ab
(2.8) O(x,y) <O——x + Oa=——y
a(a) B(b)

holds for all (xz,y) € Ry x Ry.
We now define a function space P, (X) as follows:
P,(X):={f|f is a measurable function on X satisfying || f||p, < oo},

where we set
(2.9) Il o= ([ ats@hn).

In [3], it shows that the metric space P, (X) is complete with respect to
the metric :

d(f.9) = If —gllp, for f g€ Pa(X)
and says the inhomogeneity of || - ||p,: for all £ > 0 and f € P,(X),

k
FIf e, < lkfllp. < KAl flp..

Unfortunately the new space P, (X) lacks the homogeneity property:
lkfll = |k| ||f]|- However, for nonlinear problems such as the equation
(1.1), the homogeneity property may not be an essential factor - we try
to explain that the new space P,(X) accommodates the solutions of
nonlinear problems without homogeneity as we pointed out in [3].
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We say that a pre-Holder function 8 is to satisfy a slope condition if
there exists a positive constant ¢ > 1 for which

Ba)

(2.10) B(x)>c

The slope condition (2.10), in fact, corresponds to the Ag-condition for
Orlicz spaces [6]. We present a Poincaré-type inequality on P1(Q) for
the proof of our main theorem. The proof can be found in [5].

THEOREM 2.1 (Poincaré’s inequality). Let («,3) be a Holder pair
with the slope condition (2.10) and Q2 be an open set in R™ which is
bounded in some direction, that is, there is a vector v € R" such that

sup{|z - v| : x € Q} < 0.
Then there is a positive constant C' > 0 such that for any f € Pé,o(Q)’
Ifllp. < ClIDufllps

where D, f represents the directional derivative of f in the direction v;
Dyf=v-Vf.

We refer [3, 6] for a detailed discussion of the space P, (X).

3. Nonlinear elliptic equation with a damping term

In this section, €2 represents a fixed bounded open set in R"” with
smooth boundary. We are concerned with an elliptic partial differential
equation with a damping term:

(3.1) —V-J(u) = f — D(u),
where the flux vector field is given by
J(u) := (Fi([ua, [), Fo(ltas]), - Fallua,[))

with
Fi80,u) = By o (30, ul) s, = 207
(j =1,2,--- ,n) and also the damping term: ]
D) = Ao~ o aofful sgn(u) = 2L,

This problem contains more general flux term than ones originally intro-
duced in [3]. We are looking for solutions of the elliptic equation (3.1)
with the flux term and the damping term in an appropriate function
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space. In fact, a natural function space that can permit solutions of the
equation (3.1) turns out to be the space

V= {u|0yu€ Py(Q), j=1,2--- ,n and u =0 on 90} N Pp,y (),
equipped with the norm

n
(3.2) lullv = lullpay + D lua,llpa,-
j=1

We now state our main theorem for the problem (3.1).

THEOREM 3.1 (Main theorem). Let (s, ;) (i = 0,1,2,---,n) be
Hélder’s pairs satistying the slope condition (2.10). Then for any func-
tional f € V' there exists a solution u € V satistying the equation (3.1).

4. Argument of the main theorem

The main idea of the proof is borrowed from [3]. We divide the proof
into several steps.

1. We note that V is a separable reflexive complete metric space.
Hence we can choose an independent (complete) set {wi,ws, - -} whose
linear spans are dense in V. For each m > 1, let V,,, be the subspace of

V spanned by the set {wi,ws, - ,wy}, and the (natural) isomorphism
m : Vm — R™ is defined by

m

Z a;w; (a17 az,:-- 7am)'

i=1

We note that j,.! : R™ — V,, is continuous, since it is a linear combina-
tion of continuous functions. Then

Wm::imoj;f:]Rm%V

is continuous wherein 4., : V;;, = V means the inclusion map.
2. (Functional formulation) We set up the functional formulation
associated with the equation (3.1). For any ¢ € C2°(Q2), we have

/v.1 ) = /fmm /D ) dp.

Then by virtue of Green theorem, the left-hand side is

- [ V-@sdn= [ 3w Vodu- /Z%@M@ﬁm
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/D Yo dy /Oéo( |)¢d'u'

Now we define the operators A and B by

a;(|ug. | - ~ 1
(41) Auv Z/ Sl uzz/gﬁjloaﬂuxj\)vzjdu,

42) But) = [ 2 Dvdu [ o dallul van

for u,v € V. In the following discussion, we are going to find a solution
u €V of

We also have

A(u) + B(u) = f.

3. (Continuities of operators) First, for each m € N, we plan to find
a solution u,, € V,, for the system:

Aum)(wy) + B(um)(w;) = f(w;), 1<j<m.
To accomplish it, set
To(0)(x) := ¢(mpn(x)), for € V', 2 € R™,

and we notice that 7}, o (A + B) o 7, : R™ — (R™)’ is continuous
because it is well-known that the dual linear operator 7%, : V' — (R™)’
of continuous operator 7, is continuous and from the facts that

LEMMA 4.1. The operators A, B :V — V' are continuous.

Proof. For each i =1,2,--- ,n, we note that |[ug,||p,, < [|ully (from
the definition of the norm of V, see (3.2)). Hence the operators % :

V — P,, () are continuous. Also, for each i = 0,1,2,--- ,n, we define
an operator T; : P, (2) — P3,(2) by

for u # 0 and T;(0) = 0. Then the operator T; is well-defined because

[ Aimoau= [ 4 (af"‘,“)) = [ dluldn <

for any 0 # u € P,,. This implies that |7;(u)||p, = B to ai([lullp.,),
which yields the continuity of T;.
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a *
Define (871) : P, = V' by

(ai>*v(¢) = [ vla)o (@)

*
for v € Pg; and ¢ € V. Then the operator (%) is continuous, since

H( 9 > | Jo v(@) s, () de]
vl := sup
9zi) My sl 40 Il
0]l B, |6 || P,
<h e <]
16ll,, 0 9l
*
Therefore the composition maps S; := (8‘;) oT;o 8%1- V=V
i =1,2,--- ,n are continuous. We obtain the continuity of the operator

A since it is a linear combination of the continuous operators S;.

By virtue of Poincaré’s inequality(Theorem 2.1), we have ||ul[p,, <
|lul[v, so the inclusion vy : V < P,,(€2) and its dual operator
P3,(2) — V' are continuous. Hence B = 1foTpoip: V — V' is also
continuous. O

4. Now we plan to show that the operator F,, : R™ — (R™)" defined
by
Fm(v) =m0 (A+ B)omp(v) —m(f), veR™

has a zero.
5. (Coercivity of A+ B) For it, we observe that the operator A+ B :
V — V' is coercive. That is to say, we observe that

(4.3) lim (A+ Bju(u) =00

lulv—=oo  [lullv
In fact, for each u € V', we have
n
lullv := llullpa + D s l1p,
j=1
< (n+ 1) max {{lull Py, [1ua, 1Py s ey | Py, 1P, -

There is an index jp (0 < jop < n) such that

max {[|ull puy [[tay || P, s ol Py -+ s Nty [ P } = Nty Il s
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wherein [[ug, || Py, May be replaced by [[ul|p,, if jo = 0. Then we obtain

(A+ Byu(u)  dolllullr.,) + 2271 & (lua;llp.,)

lullv  ullpe + 2052 s llp,
ity 1P, )
= 0t Dllusy [,
1 ~ -1
= — G oai (lus,ln., )
1 ~ -1 1
> oy B od (gl )
For any positive real number L > 0, there is N > 0 such that, for all
0<j<n,

(8 o) = @m+1)L
whenever t > N. Hence for any u € V with ||ully > (n+ 1)N, we have

1 ~ -1 1
1 o (i) 2

(A+B)u(u)
l[ullv

coercivity of the operator A+ B:V — V',

Therefore goes to infinity as [lully — oo, which explains the

6. (Solution of F,,(u) = 0) We revisit the meaning of the limit (4.3)
to find that for any M > 0, there exists a number N > 0 such that
(A+ B)u(u) > Mlul|v for any [lully > N. By taking M := |||y, we
have

fw) < [f@)] < fllvllully < (A+ B)u(u)
if ||u|ly > N. Therefore for any ||m,(v)|[v > N, we obtain
Fm(v)(v) =m0, 0 (A+ B) 0w (v) (v) — 7, f (v)
(4.4) = (A+ B)(mm(v))(mm(v)) = f(mm(v)) > 0.

Since as |v| goes to infinity, m,,(v) also goes to infinity, and there is r > 0
such that |v| > r implies ||mp,(v)|ly > N. Therefore if we denote the
Riesz map as R : R™ — (R™)" and put F,, := R~! o F,,, we get

Fn(v) v =Fn)(w) >0,  if |v|>r

The Brouwer’s fixed point theorem together with the continuity of Fm
implies that F,,, has a zero inside the ball {x € R™ : |z| < r}. Hence
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Fm has a zero: there is |ty,| < r satisfying Fp,(4y,) = 0. Therefore, for
each m > 1, we obtain

(A + B) o T (U ) (T (v)) — f(mm(v)) =0 for allv € R™,
or equivalently
(A+ B) o (i) (w) — f(w) =0 for all w € Vp,.
Denote mp, () := Um, and we get
(4.5) (A+ By, = f in V..

7. (Weak-convergence of solutions) Holder’s inequality together with
the identity (2 2) implies

[ Aug & |8“7“|)am¢ dﬂ‘
n ~'_1 5 Ctj(‘azju‘) -1 _
Sh; : </95<|au|> d“) & ( /Q aj<|axj¢|>du)
n I i
_h; B; </Q aj(\awjupdu) 102,615,

—hZ 8" 0 (110w, ull p., )05, .,

<hZ G o d;(ullv) - v

Similarly, we can have an estimate: for v € V,

Bu(@)| < o~ o dol[lullv) - [ llv-

Since &; and Bj_l are continuous on Ry(j = 0,1,2,---,n), the image
(A+B)(S) of a bounded set S in V' is bounded in V'. Tt follows from (4.4)
that ||um,|ly < N and so the sequence {||(A+ B)un|v/} is bounded.
So the sequence {|f(um,)|} is bounded in R. Then we can extract a
subsequence {um, } of {um,} and take an element w in V satisfying the
following properties

(1) wp, converges weakly to u in V'
(2) (A+ B)uy, converges weakly to f in V'
(3) (A4 B)um, (um,) = f(um,) converges to f(u).
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8. (Monotonicity) For any real numbers a, b, we notice that
aj(lal) — a;(jol)
- —b
(20— D)

= {37! aj(lal)sen(a) = B o &, ([bl)sen(d) | (a = b) >0,

because B;l o @ is monotone increasing. Hence we get

((A+BJu— (A+B)v)(u—v)
R aj(|ua;|) — aj(lva,]) Uy, — Vg, )da
_;/Q< Ug, Vg, )( z; ij)d

+/ (ozo(\ul) _ ozo(\v!)>(u _ w)dz > 0,
Q

u v
for u,v € V. Hence we have that for all v € V,
(A + B, (um,) — (A + By, (v)
— (A4 B)v(um,) + (A+ B)v(v) > 0.
Then as k goes to infinity, we get
fu) = f(v) = (A+ B)v(u) + (A + B)v(v) > 0.
This is equivalent to
(4.6) (f — Av — Bv)(u —v) > 0,

and this holds for all v € V.
9. Now for any w € V and any ¢t > 0, we put v := u — tw , and then
plug v into (4.6) to have t(f — A(u — tw) — B(u — tw))w > 0. Or

fw) — A(u — tw)w — B(u — tw)w > 0.
By the continuity of A + B (Lemma 4.1), we let t — 0 to obtain
(4.7 fw) = (A+ B)u(w) >0,
for all w € V. We replace w in (4.7) with —w to find
(4.8) f(w) = (A+ B)u(w) < 0.
Combine (4.7) with (4.8), and we finally obtain

[ =(A+ B)u.

The proof is now completed. O
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